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FOUNDATIONS OF METRIC GEOMETRY OF ARBITRARY DIMENSION

von JAMES T, SMITH, San Francisco (USA)

1. Intrdduction

"Metric geometries" discussed by various authors have the follo-
wing characteristics. They satisfy some simple incidence axioms
and orthogonality axioms. They admit all possible reflectional
symmetries and satisfy the three -~ reflections axioms. They can
be embedded in projective "ideal geometries", which can then be
coordinatized by commutative fields of scalars whose characteri-
stics are not 2. Their orthogonality relations are representable
by symmetrio bilinear forms, and the groups. of their motions —~
compositions of reflections - are isomorphic to subgroups of the
projektive orthogonal groups. Metric geometries include the clas-
sical Euclidean, elliptic, and Bolyai-Lobatschevsky geometries,

In this lecture we consider metric geometries without regard to
dimension.

There are four different approaches. The most basic is the "ana-
lytic" approaoh suggested above. The "foundation problem" consists
in relating other approaches to this one. The oldest approaoh is’
" of course the "synthetic": one starts with axioms about pbints,
lines, planes, orthogonality, and so on. Another approach is the
Ygroup theoretic": here we axiomatize the notion of the group of
motions of a metric geometry. The last approach is the "lattice
theoretic": we oharacterize in an algebraically convenient way
the family of all flat subspaces of a metric geometry. (There is
an enalogous list of approaches to projective geometry: BAER [3]
and PRINK [5] have given equivalent analytic, synthetic, and lat-
tioe theoretic presentations.)
Bquivalent synthetic and group theoretic developments of plane
metrio geometry were given by BACHMANN [2] in his book AGS. Equi-
valent presentations in three dimensions were achieved by his
students SCHERF [11]and AHRENS [1]. The author [12] has presented
a synthetio axiom system for metric geometry of arbitrary
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(perhaps infinite) dimension that in the finite dimensional case
is equivalent to the group theoretic apprbaoh of KINDER [6].
EWALD [4] hes announoed an equivalent group theoretio appfoaoh
to metrio geometry of arbitrary (perhaps infinite) dimension.

For finite dimensional elliptio geometry, KINDER & WOLFF [7] and
'KINDER [8] have given equivalent lattioe theoretio‘andlgroup theo-
retio presentations., The author announoes here his extension of

" their work to arbitrary (perhaps infinite) dimension.

Part of the author's work has already appeared [13], [14]. The.
remainder of this leoture is a summary of work that is yet un-
published [5], [16], [17].

II, Generalized metric geometries

Consider an orthogonal geometry (r, G, E, L) — here r is a
nonempty set ocalled the entirs space; singleton subsets of r are
oalled points; G and E are families of subsets of r called lines
and planes; L is & binary relation on G called orthogonality;

and some familiar inoidence and orthogonality axioms are satis-
fied ~ see [13], [14]. A reflection in a flat x is a self inverse
permutation of r <that preserves‘collinearity and orthogonalify,
and leaves fixed all flats inoident with x, but pointwise fixed
only those in x. If (r, G, E, 1) satisfies the following Symmetry
Axioms, then it is called a generalized metric geometry.

Axiom S1. Eaoh point has a reflection.
Axiom S2. Each line has a reflection,
Axiom S2 is redundant in case the geometry is elliptio.

By reduciﬂg.spatial questions to questions about planes, then .

© uaeing results in AGS, we ocan prove from these axioms that a
nonempty flat x has a refleotion if and only if it is orthocomple-
mented ~ that is, the entire space is the join of x and its oomple-
ment [o0,x] at some point o in x. Moreover, in this case the re-
flection is unique; we denote it by 6,. For arbitrary points o

and p and flats x and y, we can prove

66=O'p —p 0O =7
G'Oto'p «—> 0 ~~D
€x=5'y D x:yorx:j*

5 6 <= xSyorx2yorxSy orx2yl
: "
or x1y or s'x(y) =y
xLy -— & 6y = 6i:wy Cxvy

<’ - .
o= x —_— Gb Gx = Gto,x]‘ ¢

A motion of (r, G, E, 1) is a oomposition of point and line re-
flections. Is this really the right definition? It exoludes re-
flections in orthocomplemented infinite dimensional infinite co-
dimensional flats. .

III: Metric geometries

A metric geometry is a generalized metrio geometrythat satisfies
the following Three-Reflections Axioms:

" Axiom 3R1., The composition of refleotions in three points in a

line g is a reflection in a fourth point in g.

* Axiom 3R2., The compositions:of the refleotions in three lines

through a point o in a plane e is a reflection in a
fourth line through o in e.

~ Axiom 3R2 is redugdant is case the geometry is elliptiec.

Using methods of AHRENS [1] and results in/AGS we can derive the
following theorems. First, the Vierkanthypothese for the inciden—

“ce geometry (r, G, E) and Desargues' Theorem for the projective

geometry of all flats through a given point. From these it follows -

.‘that our geometry can be embedded in a projective "ideal geometry"

- see WYLER [18] - which can be coordinatized by a division ring
of soalars - see BAER [3] - and that the oithogonality/relation
is represented by an Hermitian form - see LENZ [10] and SMITH [14].
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Next, Pappus' and Fano's Theorems for the ideal geometry, From . orthogonality of lines" as usual, we can make r into an elliptic

these it follows that the scalars form & commutative field whose - orthogonal geometry.
charaoteristio is not two. Iast, the Hohenschnittpunktsatz, from ”

whioh it follows that the Hermitian form is bilinear.

: Obvious additional definitions and postulates ocan be stated to
?‘"ensure that r is an elliptic metric geometry,

The group of motions is a subgroup of the projective orthogonal i
group, since the latter oontains the point and line reflections.
This subgroup is the whole group in the elliptic case, and in the
Euolidean oase if Playfair's axiom is satisfied. i V. Group theoretic approach to elliptic geometry

Consider a group g with a generating set r invariant under inner
gutomorphisms and consisting of involutions. Use the notion 0 ~D
to indicate that are distinot commuting elements of r, Assume
ioms G1 to G3 of § IV and

_ (64) Vvo,p,q[ Vul[o,p~u—+g~u] - 3s opg = g

Then. r with the relation ~ defines an elliptic orthégonal geome~
try. Moreover, p — opo is a reflection in each o¢ r, hence by G4
the geometry is elliptic metric!

We ocan prove that the metric geometries are precisely the struc-

tures -isomorphic to "metric subdomains" of projective metrio geo-
metries in the sense of KLOPSCH [9] and KINDER [6]. Thus, in the

finite dimensional case, our approach agrees with Kinder's.

1V, Lattice theoretic approach to elliptic geometry

Consider a nonempty set r and an antireflexive symmetric rela-

Following KINDER [8] we can prove that if Pgre+sPp€ T and
tion ~ on r. Assume the following Axioms:

Pye++P, belongs to the center of g, and m is the smallest integer
for which there exist such p's, then D5+ ~Py and m is the di-
mpnsion of the entire-space. Thus; to ensure that the center of

g is trivial, and that g is isomorphic to its inuer automorphism
i g:ogp, whicli is the group of motions of the geometry, we merely

need to assume the following infinite sequence of axioms (G5,
form =3, 4,,..:

(61) VYo,p,q [0 #p — 3s,t [q,s~t & Vulo,p~ u <« s,t~ulll

(GZ) 30,pP,0 [ONPNqNo] . :

(G3) Yo,p [0 #+p — 3Is,t[q+o0,p & Vulo,p~ u — q~ulll
If per and xS r, define p~xe (V¥qex) p~q, and xt ={p:p~x].
Then x - x** is a closure operator on r; let F'' denote the lat-
tioe of subsets of r closed under this operator, KINDER & WOLFF
[7] showed that F*' is atomic - its atoms*are the singleton sub-
sets of r. Moreover, the joins of finite sets of atoms form a
modular sublattice of F**.

VDgseewsDpy [pog...~pm - 3o [opo..'.pmtpo...pmo]]
In the presence of an axiom guaranteeing finite dimension m,
only G5m needs to be postulated; in the presence of axioms
guaranteeing infinite dimensionality, axioms‘GSm are redundant.
'If yE€ r, denote by 7 the union of all subsets x*! for finite ’ ‘
xS y. Then y - 5 1s also a closure operator; let F denote its % References
lattice of closed subsets., If x & r is finite, then X = x**,
. Thus, in general, ¥ is the union of all subsets X for finite 1

, e ! © {1 J. AHRENS i G i
| x € y. We can prove that F is modular. From these considerations %thl ’ §Z§$§2d§3§.§2§ gg?@éﬁiﬁﬁ ggg;i??i? %;Eh
- and Axioms.G2 and G3, it follows that by defining "line" and e A . Zeit., 71 (1959), 154—18%.
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