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Introduction

In 1886 Mario Pieri became professor of projective and descriptive geometry at the Royal
Military Academy in Turin. In 1888 he was also appointed assistant at the University
of Turin. By the early 1890s he and Giuseppe Peano, colleagues at both institutions,
were researching related questions about the foundations of geometry. During the next
two decades, Pieri used, refined, and publicized Peano’s logical methods in several major
studies in this area. The present paper focuses on the history of two of them, Pieri’s 1900
Point and Motion and 1908 Point and Sphere memoirs, and on their influence as the root
of later work of Alfred Tarski and his followers. It emphasizes Pieri’s achievements in
expressing Euclidean geometry with a minimal family of undefined notions, and in
requiring set-theoretic constructs only in his treatment of continuity. It is adapted from
and expands on material in the 2007 study of Pieri by Elena Anne Marchisotto and the
present author.

Although Pieri 1908 had received little explicit attention, during the 1920s Tarski
noticed its minimal set of undefined notions, its extreme logical precision, and its use of
only a restricted variety of logical methods. Those features permitted Tarski to adapt
and reformulate Pieri’s system in the context of first-order logic, which was only then
emerging as a coherent framework for logical studies. Tarski’s theory was simpler, and
encouraged deeper investigations into the metamathematics of geometry.

In particular, Tarski and Adolf Lindenbaum pursued the study of definability, extend-
ing earlier work by the Peano School. They settled some questions about systems related
to Pieri’s, and during the 1930s showed that in the first-order context with variables
ranging over points, Pieri’s selection of ternary equidistance as the sole undefined rela-
tion for Euclidean geometry was optimal. No family of binary relations, however large,
can serve as the sole undefined relations.

Tarski’s work itself went mostly unpublished for decades, but began to attract further
research during the 1950s. Tarski’s followers have extended his methods to apply to
other geometric theories as well as the Euclidean. The present paper concludes with a
description of the 1990-1991 discovery by Victor Pambuccian that Euclidean geometry
can be based on a single binary point relation if the underlying logic is strengthened.

! For the congress on The School of Giuseppe Peano between Mathematics, Logic, and Interlingua to be held
6-7 October 2008 in Turin. The author gratefully acknowledges inspiration by Elena Anne Marchisotto and
suggestions from Victor Pambuccian.
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Pasch

Moritz Pasch began his career around 1870 as an algebraic geometer, but his emphasis
changed to foundations of analysis and geometry. To correct logical gaps in classical
Euclidean geometry and in G. K. C. von Staudt’s 1847 presentation of projective geome-
try, Pasch published in 1882 the first completely rigorous synthetic presentation of a
geometric theory.

Pasch clearly indicated that, in contrast to earlier practice, he would discuss certain
notions without definition? Determining which ones he actually left undefined requires
close reading? They are

* point, * coplanarity of a point set,
* segment between two points, * congruence of point sets.

Pasch defined all other geometric notions from those. For example, he called three points
collinear if they are not distinct or one lies between the other two, and defined the line
determined by two distinct points to be the set of points collinear with them. Pasch
developed incidence and congruence geometry, extended it to projective space, then
showed (section 20) how to select a polar system to develop Euclidean or non-Euclidean
geometry.

Peano and Motions

Giuseppe Peano began intense study of fundamental principles of mathematics during
the 1880s. His 1889 booklet on foundations of geometry contained some technical
improvements over Pasch 1882. But more importantly, it divorced that discipline from
the study of the real world:

Depending on the significance attributed to the undefined symbols... the axioms can be satisfied
or not. If a certain group of axioms is verified, then all the propositions that are deduced from
them will be equally true...*

This freedom to consider various interpretations of the undefined notions, and the
distinction between syntactic properties of symbols and their semantic relationships to
the objects they denote, was essential for all later studies of definability.

In 1894 Peano introduced the use of direct motion to replace congruence as an unde-
fined notion in Euclidean geometry. A geometric transformation, this sort of motion does

% See his reflections after his list of twenty-three axioms and theorems in section 1.

3 Already in the introduction (Einleitung), Pasch discussed points without definition. Sections 1 and 2 begin
by introducing betweenness and coplanarity. Pasch distinguished the notions of coplanar set (ebene Fldche)
and plane (Ebene). Not until section 13 did he introduce congruence.

* “Dipendentemente dal significato attribuito ai segni non definiti ... potranno essere soddisfatti, oppure no,
gli assiomi. Se un certo gruppo di assiomi & verificato, saranno pure vere tutte le proposizioni che si dedu-
cono...” (Peano 1889, 24).
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not involve time. Figures can be defined as congruent if some direct motion maps one
to the other’

Pieri and Motions

After earning the doctorate in 1884 at Pisa, Mario Pieri began his research career in
algebraic and differential geometry. Soon after Pieri’s appointments in Turin, his
colleague Corrado Segre suggested that Pieri translate Staudt 1847, the fundamental
work on the projective geometry that underlies those areas® Evidently Pieri, like Pasch,
became intrigued with its logic: he returned to study it again and again. Pieri’s senior
colleague Giuseppe Peano was already investigating deep questions in foundations, and
in 1890 himself repaired a lapse in Staudt’s work. During the 1890s, Pieri became a
preeminent member of the Peano School. A series of his papers culminated in Pieri 1898,
the first complete axiomatization of projective geometry.

Following Peano’s lead, Pieri pursued deeply the use of direct motion as an undefined
notion. His 1900 Point and Motion memoir was an axiomatization of absolute geometry,
a common part of Euclidean and hyperbolic geometry independent of continuity consider-
ations. He employed only two undefined notions, point and direct motion! The following
definitions’ were central:

* Three points are called collinear if
they are fixed by some nontrivial M
motion.

* Points P,Q are called equidistant
from point R if some direct motion
maps P to @ but fixes R.

* Apointissaid tolie midway between
two others if it is collinear with and
equidistant from them.

* Apoint @ is said to lie somewhere
between two points P,R if it lies
midway between two points M,N Figure 1
such that M,P and N,P are equi- Pieri’s 1900 definition
distant from a point O midway of @ lying between P,R
between P ,R. (Figure 1 displays
this ingenious definition.)

® With additional work, indirect motions can be defined, which relate anticongruent figures.
¢ Pieri 1889 is an annotated translation of Staudt 1847.

" See Pieri 1900, P9§1, for the definition of collinearity; P28§1 and P7§3 for equidistance; P7§2 for midpoint;
and P1,2,684 for betweenness.
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Pieri’s Point and Sphere Memoir

After a long struggle, Mario Pieri finally obtained appointment as university professor
in 1900, at Catania® There he completed his 1908 Point and Sphere memoir, a full axiom-
atization of Euclidean geometry based solely on the undefined notions point and equidis-
tance of two points P,@ from a third point O, written OP = OQ. Already in 1900
(preface, 176) he had suggested that this was possible. Pieri used the following defini-
tions? (letters O-R designate points):

* @ is said to lie on the sphere P,
through P about O if OP = 0OQ.

e If O # @, then P is called collin- R
ear with 0,Q if P, intersects P, '
only at P. (Figure 2 displays this
definition, which Pieri adapted from e"
Leibniz.)

"

* P is called a reflection of @ over O
if O,P,Q are collinear and OP =

0Q.

* Two spheres are called congruent if Figure 2
the points on one are related to . .
. Pieri’s 1908 definition
those on the other by reflection over . :
. . of collinearity
some single point.

* Point pairs O,P and Q,R are
called congruent if R lies on a
sphere about @ congruent to P,.

P is collinear with O,Q; R is not.

* An isometry is a point transformation that preserves congruence of pairs.
* A direct motion is the composition of an isometry with itself.

Pierithen proceeded as in 1900. His axioms were frightfully complicated, but would now
be called first-order, except for the continuity axioms. Moreover, he published all details
of his proofs!

8 See Marchisotto and Smith 2007, chapter 1, for details of Pieri’s life and career.

® See Pieri 1908, P4§1, for the definition of sphere; P11,21§1 for collinearity; P45§1 for reflection about a point
and for congruence of spheres; P3184 for congruence of point pairs; P1,3684 for isometry; and P27§7 for
direct motion (there it is called “congruence”). Leibniz [1679] 1971, part IV, 185,189. Gruszczinski and
Pietruszczak 2007 is a clear and concise exposition of most of Pieri’s 1908 definitions.
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Tarski’s System of Geometry

In 1927, starting on the path to become the world’s top logician, Alfred Tarski was a uni-
versity assistant and high-school teacher in Warsaw. He needed a good axiomatic
geometry, and was beginning to use first-order logic, which avoids use of sets. He adapted
the approach of Pieri’s 1908 Point and Sphere memoir, which fit into that framework

Tarski’s undefined notions were point and two relations: congruence of two point pairs
and betweenness of a triple. With these slightly more complex undefined notions, Tarski
was able to vastly simplify Pieri’s 1908 axioms. Tarski’s axioms were two-dimensional
but easily modifiable for use in three dimensions without loss of simplicity. As continuity
axioms, he used all first-order instances of Pieri’s second-order axiom. All Tarski’s
axioms except those for continuity had V3 form, with all universal quantifiers preceding
all existential quantifiers at the beginning. Their total length was less than that of
Pieri’s single most complicated axiom!' Tarski proved that the models of his axioms are
the structures isomorphic with coordinate planes over real-closed ordered fields

Tarski’s system was not broadly publicized until his [1957] 1959 summary; his proofs
remained unpublished until Schwabhéauser, Szmielew, and Tarski 1983. But the formula-
tion of the system enabled much deeper research into provability, decidability, and
definability in geometry.

Nondefinability

In 1904, Oswald Veblen proposed an alternative to Mario Pieri’s Point and Sphere
axiomatization that regarded only point and betweenness as undefined. His axioms were
much simpler than Pieri’s. Veblen followed Pasch 1882 in using a projective polar system
to define Euclidean congruence, and hence equidistance. In 1907, however, Federigo
Enriques noted that Veblen’s polar system was not uniquely determined: it seemed also
to be undefined.

Settling that dispute required a precise definition of definition in Euclidean geometry.
This was achieved by first adopting as standard some first-order axiom system, such as
Alfred Tarski’s. If v is a notion and ® a family of notions defined in that system, then
a first-order phrase involving only the notions of ® should be called a definition of v

' For biographical information about Tarski, consult Feferman and Feferman 2004. About Pieri’s influence
on Tarski, consult Tarski and Givant 1999, 188-189, and Szczerba 1986, 908—910. The present author does
not know whether Tarski consulted the original Pieri 1908 memoir or its Polish translation Pieri 1914, or
even why that translation was published.

! The version of the Pasch axiom in Pieri 1908, P13§3, has form V3V3. In 2008, Victor Pambuccian shows
how to construct an axiom system equivalent to Pieri’s, using just the single undefined ternary equidistance
relation, in which all axioms except those for continuity have V3 form.

2 An ordered field F is called Euclidean if its nonnegative elements are all squares, and real-closed if it is
Euclidean and every polynomial over F' with odd degree has a root in F.
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in terms of @ if it provably characterizes v in the standard system. In 1935, after
considering definitions in general, Tarski noted that betweenness cannot serve as the sole
undefined relation in a first-order axiomatization of Euclidean geometry with variables
ranging over points. He suggested a proof using a technique described in 1900 by
Alessandro Padoa, another leading member of the Peano School: any affine transforma-
tion that is not a similarity would preserve betweenness, and thus also any notion defined
by a first-order phrase solely in terms of betweenness; but it would not preserve equidis-
tance or congruence.®

That same year, Adolf Lindenbaum and Tarski remarked* that Pieri’s selection of
ternary equidistance as undefined relation was optimal: no family ®, however large,
of binary relations among points can serve as the family of all undefined relations. Those
would have to be definable in the standard system, hence invariant under all similarities.
But if p is a binary relation among points, different from the empty, equality, inequality,
and universal relations, then

@P,Q)IpPP & -pQQ1 v GPQR,SIP+Q & R+ S & pPQ & -pRS].

Since any pair P,@ of distinct points can be mapped to any other by some similarity,
only those four exceptional binary relations are invariant under all similarities: ® could
contain only those four. They are in fact invariant under al/ transformations, as are any
relations defined solely from them. Some transformations, however, fail to preserve
betweenness and equidistance. Thus neither of those can be defined solely in terms of
relations in ®.

Tarski’s work has led to related studies, many reported in Schwabhé&user, Szmielew,
and Tarski 1983: for example, what other ternary relations suffice as the sole undefined
relation? More recently, Victor Pambuccian has investigated the effect of strengthening
the underlying logic to permit conjunctions &,,,¢,,, of infinite families of open sen-
tences ¢,,, thatdepend on natural numbers m,n."” He discovered a startling result in
1990-1991: with that logic, a single binary relation v can be used as the sole undefined
relation! This relation vP® holds for points P,@ just when the distance PQ = 1.
Pambuccian considered for each m,n the auxiliary relation v, ,PQ that says PQ =
m/2", which can be defined solely in terms of vP® by a complicated first-order phrase
that describes some familiar geometric constructions. He then proved that P, @ is con-
gruent to another point pair R,S just when

&, . l[3TMv, ,PT & v,,QT1 = 3Ulv, ,RU & v,,,SUI]
&[3T[v, ,RT & v,,,ST] = 3U[v, ,PU & v, ,QUI1].

The first component of the inner conjunction fails for some m,n just when PQ < RS.
(See figure 3.) The displayed open sentence is a definition, in the strengthened logical

13 Tarski [1935] 1983, 299-307; Padoa [1900] 1901, 322, or Van Heijenoort 1967, 122.
* Lindenbaum and Tarski [1935] 1983, 388-389. They did not mention Pieri explicitly.

' For information on logic with infinite conjunctions, consult Karp 1964.
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system, of congruence of point pairs. That yields a definition of Pieri’s single undefined
relation, ternary equidistance, solely in terms of v. Therefore, with the new logic, v
can also serve as the single undefined relation. But the geometry is not new: the con-
structions that Pambuccian employed in 1990-1991 to define v,, , in terms of v had

already been used by Pieri in 1908 (§VIII), to analyze the continuity of a line!'®

Y PQ <"/2" < % RS

d intersection T - dintersection U
~~~‘T”¢' “~~~ U "I'

m/on S G

/2 ~ \“ ,/
\ ,'
Vi

P Q R S

Figure 3

Pambuccian’s 1990-1991
definition of PQ < RS

Conclusion

The pioneering work of Giuseppe Peano during 1889-1894 on the logic underlying geom-
etry, and on the use of direct motion as a fundamental geometric idea, led to Pieri’s
detailed 1900 and 1908 presentations of absolute and Euclidean geometry. Pieri used
minimal sets of undefined notions, relied on set theory only for continuity considerations,
and published all the details of his proofs. During the 1920s Alfred Tarski adapted Pieri’s
approach to achieve a surprisingly efficient first-order axiomatization of Euclidean
geometry, which has become standard. It allowed Tarski to formulate in the 1930s a
theory of first-order definitions, with which he proved that Pieri’s axiomatization was
optimal. In the 1990s, Victor Pambuccian, using geometry that would have been familiar
to Pieri, showed that some greater economy could be achieved, but only by strengthening
the underlying logic. Research in this direction continues today.

References

Enriques, Federigo. 1907. Prinzipien der Geometrie. In Meyer and Mohrmann 1907-1934, part
1, half 1, 1-129. Article IIT A, B 1.

16 Tn 2001, Apoloniusz Tyszka improved Pambuccian’s 1990-1991 result. Tyszka showed that point pairs P,Q
and R,S are congruent just when a certain existential closure of a countably infinite conjunction holds,
whose components are countably infinite disjunctions of finite conjunctions of formulas involving just
variables, the relation symbol v, and the equality symbol. Such positive existential conditions have highly
desirable logical properties.

2008-06-28 14:59



Page 8 SMITH: DEFINITIONS AND NONDEFINABILITY

Feferman, Anita B., and Solomon Feferman. 2004. Alfred Tarski: Life and Logic. Cambridge,
England: Cambridge University Press.

Gruszczynski, Rafat, and Andrzej Pietruszczak. 2007. Pieri’s structures. Fundamenta Informati-
cae 81: 139-154. (The title refers to structures satisfying the axioms in Pieri 1908.)

Henkin, Leon, Patrick Suppes, and Alfred Tarski, editors. 1959. The Axiomatic Method with
Special Reference to Geometry and Physics: Proceedings of an International Symposium Held
at the University of California, Berkeley, December 26, 1957-January 4, 1958. Amsterdam:
North-Holland Publishing Company.

International Congress of Philosophy. 1900-1903. Bibliothéque du Congreés International de
Philosophie. Four volumes. Paris: Librairie Armand Colin.

Karp, Carol R. 1964. Languages with Expressions of Infinite Length. Amsterdam: North-Holland
Publishing Company.

Leibniz, Gottfried Wilhelm von. [1679] 1971. Characteristica geometrica. In Leibniz [1849-
1863] 1971, part 2, volume 1, 141-211.

. [1849-1863] 1971. Leibnizens mathematische Schriften. Two parts, with seven volumes
in all. Olms paperbacks, 41-47. Edited by K. I. Gerhardt. Hildesheim: Georg Olms Verlag,
1971. Originally published during 1849-1863 in Berlin by A. Asher.

Lindenbaum, Adolf, and Alfred Tarski. [1935] 1983. On the limitations of the means of expres-
sion of deductive theories. In Tarski [1956] 1983, 384-392. Originally published as “Uber
die Beschrianktheit der Ausdrucksmittel deduktiver Theorien,” Ergebnisse eines mathemat-
ischen Kolloquiums 7: 15-22.

Marchisotto, Elena Anne, and James T. Smith. 2007. The Legacy of Mario Pieri in Geometry
and Arithmetic. Boston: Birkhéauser. Chapter 3 is a translation of Pieri 1908.

Meyer, Franz, and Hans Mohrmann, editors. 1907-1934. Encyklopddie der mathematischen
Wissenschaften mit Einschluss ihrer Anwendungen. Volume 3: Geometrie. Leipzig: B. G.
Teubner. Three parts; parts 1,2 have two halves; part 2, half 2, has subdivisions A and B.

Padoa, Alessandro. [1900] 1901. Essai d’une théorie algébrique des nombres entiers, précédé
d’une introduction logique a une théorie déductive quelconque. In International Congress of
Philosophy 1900-1903, volume 3 (1901), 309-365. The introduction, “Logical introduction
to any deductive theory,” translated by Jean van Heijenoort, is in Van Heijenoort 1967,
118-123.

Pambuccian, Victor. 1990-1991. Unit distance as single binary predicate for plane Euclidean
geometry. Zeszyty Naukowe—Geometria 18: 5-8, 19: 87.

. 2008. Universal-existential axiom systems for geometries expressed with Pieri’s isoceles
triangle as single primitive notion. To appear in Rendiconti del Seminario Matematico dell’
Universita Politecnica di Torino.

Pasch, Moritz. 1882. Vorlesungen iiber neuere Geometrie. Leipzig: B. G. Teubner.

Peano, Giuseppe. 1889. I principii di geometria logicamente esposti. Torino: Fratelli Bocca.
Reprinted in Peano 1957-1959, volume 2, 56-91. Included in Peano 2002 as file 1889d. pdf

. 1890. Sopra alcune curve singolari. Atti della Reale Accademia delle Scienze di Torino

26 (1890-1891): 299-302. Reprinted in Peano 1957-1959, volume 1, 201-203, and included

in Peano 2002 as file 1891a.pdf. Translated as “On some singular curves,” in Peano 1973,

150-152.

. 1894. Sui fondamenti della Geometria. Rivista di matematica 4: 51-90. Reprinted in

Peano 1957-1959, volume 3, 115-157. Included in Peano 2002 as file 1894c.pdf.

. 1957-1959. Opere scelte. Volume 1, Analisi matematica—calcolo numerico. Volume

2, Logica matematica—Interlingua ed algebra della grammatica. Volume 3, Geometria e

fondamenti meccanica razionale—varie. Rome: Edizioni Cremonese.

2008-06-28 14:59



SMITH: DEFINITIONS AND NONDEFINABILITY Page 9

. 1973. Selected works of Giuseppe Peano. Translated and edited, with a biographical

sketch and bibliography, by Hubert C. Kennedy. Toronto: University of Toronto Press.

. 2002. L’opera omnia di Giuseppe Peano. Edited by Clara S. Roero. Turin: Dipartimento
di Matematica, Universita di Torino. CD-ROM.

Pieri, Mario, editor and translator. 1889. Geometria di posizione, by G. K. C. von Staudt. Pre-
ceded by a study of the life and works of Staudt by Corrado Segre. Biblioteca matematica, 4.
Turin: Fratelli Bocca Editori. Edited translation of Staudt 1847.

. 1898. I principii della geometria di posizione composti in sistema logico deduttivo. Mem-

orie della Reale Accademia delle Scienze di Torino (series 2) 48: 1-62. Reprinted in Pieri 1980,

101-162.

1900. Della geometria elementare come sistema ipotetico deduttivo: Monografia

del punto e del moto. Memorie della Reale Accademia delle Scienze di Torino (series 2) 49:

173-222. Reprinted in Pieri 1980, 183-234.

. 1908. La geometria elementare istituita sulle nozioni di “punto” e “sfera”. Memorie

di matematica e di fisica della Societa Italiana delle Scienze (series 3) 15: 345-450. Reprinted

in Pieri 1980, 455-560. Translated as “Elementary geometry based on the notions of point

and sphere,” in Marchisotto and Smith 2007, chapter 3; and in Pieri 1914.

. 1914. Geometrja elementarna oparta na pojeciach “punktu” i “kuli.” Translation of Pieri

1908 by Stefan Kwietniewski. Warsaw: J6zef Mianowski Foundation.

1980. Opere sui fondamenti della matematica. Edited by the Unione Matematica
Italiana, with contributions by the Consiglio Nazionale delle Ricerche. Bologna: Edizioni
Cremonese.

Schwabhé&user, Wolfram, Wanda Szmielew, and Alfred Tarski. 1983. Metamathematische Metho-
den in der Geometrie. Berlin: Springer-Verlag.

Staudt, Georg Karl Christian von. 1847. Geometrie der Lage. Nuremberg: Verlag der Fr. Korn’-
schen Buchhandlung. Pieri 1889 is an annotated translation of this work.

Szczerba, L. W. 1986. Tarski and geometry. Journal of Symbolic Logic 51: 907-912.

Tarski, Alfred. [1935] 1983. Some methodological investigations on the definability of concepts.
In Tarski [1956] 1983, 296—319. Originally published as “Einige methodologischen Untersuch-
ungen tuber die Definierbarkeit der Begriffe,” Erkenntnis 5: 80-100.

. [1956] 1983. Logic, Semantics, Metamathematics: Papers from 1923 to 1938. Translated

by J. H. Woodger. Second edition, edited with introduction and analytical index by John

Corcoran. Indianapolis: Hackett Publishing Company.

. [1957] 1959. What is elementary geometry? In Henkin, Suppes, and Tarski [1957] 1959,
16-29.

Tarski, Alfred, and Steven R. Givant. 1999. Tarski’s system of geometry. Bulletin of Symbolic
Logic 5: 175-214.

Tyszka, Apoloniusz. 2001. Discrete versions of the Beckman—Quarles theorem from the defina-
bility results of R. M. Robinson. Algebra, Geometry & Their Applications: Seminar Proceed-
ings 1: 88-90. This journal was published briefly in Armenia. The paper is online at http://
arxiv.org asitem arXiv:math/0102023. The Beckman-Quarles theorem states that any
mapping from R”* to itself that preserves unit distances is an isometry.

Van Heijenoort, Jean van. 1967. From Frege to Godel: A Source Book in Mathematical Logic,
1879-1931. Cambridge, Massachusetts: Harvard University Press.

Veblen, Oswald. 1904. A system of axioms for geometry. Transactions of the American Mathe-
matical Society 5: 343—-384.

2008-06-28 14:59



Page 10

Notes

1.
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Pasch. Too little is known to report here about Pasch’s reason for turning to
foundations. I've checked the biographical materials.
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