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double Riemann(double   a,             //              �b
               double   b,             // Approximate  �  f  by a
               double   f(double),     //              �a
               unsigned n) {           // Riemann sum with  n
if (a == b) return 0;                  // subdivisions.
if (n <= 0) n = 1;                     // Use at least  1  step.
double h = (b - a)/n;                  // Step size  h .
double Sum = 0;                        
for (unsigned k = 0; k < n; ++k) {     //       n-1
  double xk = a + k*h;                 // Sum =  �  f(xk)
  Sum += f(xk); }                      //       k=0       .
return h*Sum; }
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//***************************************************************
// Riemann.CPP     Testing function  Riemann

#include   "Scalar.H"
#include "Integral.H"
#include     <Math.H>

void main() {
  clrscr();
  cout << "               �1                           \n"
          "Approximating  � cos x dx  by Riemann sums  \n"
          "               �0                         \n\n"
          "No. of sub-     Approxi-     True           \n"
          "divisions       mation       value     Error\n";
  for (unsigned n = 1; n <= 10000; n *= 10) {
    double  Approximation = Riemann(0,1,cos,n);
    double  TrueValue     = sin(1);
    double  Error         = Approximation - TrueValue;
    cout << setw(6)  << n << setprecision(5)
         << setw(17) << Approximation
         << setw(12) << TrueValue
         << "   ";      Show(Error);          cout << "\n"; }
  Inspect; }

Output

               �1                           
Approximating  � cos x dx  by Riemann sums 
               �0                         

No. of sub-     Approxi-     True           
divisions       mation       value     Error
     1                1     0.84147    0.16    
    10          0.86375     0.84147    0.022   
   100          0.84376     0.84147    0.0023  
  1000          0.84170     0.84147    0.00023 
 10000          0.84149     0.84147    2.3e-05
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               �1                                              
Approximating  � cos x dx  by Riemann sums                    
               �0                                              
                      Riemann             Richardson           
Subdivi-      True    approxi-   Riemann  extrapo-   Richardson
sions        value    mation     error    lation          error
    1  0.841470985            1  0.16    
   10  0.841470985  0.863754527  0.022    0.848616141   0.0071  
  100  0.841470985  0.843762461  0.0023   0.841541120   7.0e-05 
 1000  0.841470985  0.841700764  0.00023  0.841471686   7.0e-07 
10000  0.841470985  0.841493969  2.3e-05  0.841470992   7.0e-09
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double Trapezoid(double   a,           //              �b
                 double   b,           // Approximate  � f  by
                 double   f(double),   //              �a
                 unsigned n) {         // the trapezoid rule with
                                       // n  subdivisions.
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               �1                               
Approximating  � cos x dx  by the trapezoid rule
               �0                             

No. of sub-    Approxi-       True              
divisions      mation         value       Error 
     1      0.7701511529  0.8414709848  -0.071   
    10      0.8407696421  0.8414709848  -0.00070 
   100      0.8414639725  0.8414709848  -7.0e-06 
  1000      0.8414709147  0.8414709848  -7.0e-08 
 10000      0.8414709841  0.8414709848  -7.0e-10 
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double Simpson  (double   a,           //              �b
                 double   b,           // Approximate  � f  by
                 double   f(double),   //              �a
                 unsigned n) {         // Simpson's rule with  n
if (a == b) return 0;                  // subdivisions.
n += n % 2;                            // Ensure  n  is even.
if (n <= 0) n = 2;                     // At least  2  steps.
double h = (b - a)/n;                  // Step size  h .
double Sum = (f(a) + 4*f(a+h) + f(b)); // h/3 + 4h/3 + ... + h/3
for (unsigned k = 1; k < n/2; ++k) {
  double xk = a + 2*k*h;               // 2h/3 + 4h/3 + ...
  Sum += 2*f(xk) + 4*f(xk+h); }        //   ... + 2h/3 + 4h/3
return h*Sum/3; }                      // Here's the  h/3 .
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               �1                                      
Approximating  � cos x dx  by Simpson's rule           
               �0                                    

No. of sub-      Approxi-            True              
divisions        mation              value        Error
     1     0.841772092238272  0.841470984807897  0.00030 
    10     0.841471452848890  0.841470984807897  4.7e-07 
   100     0.841470984854646  0.841470984807897  4.7e-11 
  1000     0.841470984807901  0.841470984807897  4.7e-15 
 10000     0.841470984807895  0.841470984807897 -1.6e-15
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