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4.3  Fixpoint iteration

Concepts

Fixpoints and fixpoint iteration
Good and bad examples
Lipschitz constants
Conditions for convergence
Linear convergence

MSP function Fixpoint
Example: the cam function
Inverse functions

The problem of computing a solution of an equation is often transformed into one of
finding afixpoint (fixed point) of a functiong —that is, of solving a special kind of equation
x = g(x). For example, solvingx® = A for positive x and A is equivalent to solvingx =
g(x) for any of the three functions

X

g =2 o(¥) = x+
X

A
2 g(¥) =
+1

1
X 2

You can sometimes compute xgdoint by fixpoint iteration. guess an initial approximation
Xy, then calculate successive approximations

X =09(%), X, =0(%y), -

If the sequencex,, X;, X,, ... approaches a limipp and g is continuous atp, then p is a
fixpoint of g because

g(p) =9( lim x,)= lim g(x,)= lim X,,= lim X, =p.

n- o n— o n— o n- o

For the example functions and = x, = 2, the fixpoint isp = V2 = 1.414214 . Fixpoint
iteration yields the following approximations:

g(x) = 2/x gx)=(x+2)/(x+1) g(x) = Y2[x + 2/X]
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n X, n X, = n X, =
0 2 0 2.000000 0 2.000000
1 1 1 1.333333 1 1.500000
2 2 2 1.428571 2 1.416667
3 1 3 1.411765 3 1.414216
Bad! Good Excellent!

Apparently, proper choice ofj is vital! This choice and its consequences are analyzed next.

Suppose the fixpoint p and initial

approximation x, lie in a closed intervall = y
[a,b]. In order to applyg to the successive
approximationsx,, X,, ... you may require that y=x
g map | into itself. Analysis of the conver- b
gence of sequence, involves the idea of a
Lipschitz constanfor g on |: a number L
such that p
y=9(¥

[ 909 - g(x)| <L[x=X| 2

for all x and x' in 1. (This concept can be a p b X

defined for functions with vector, matrix, and
complex arguments or values, too: just re-
place the absolute value signs with appropriate
norms.) Functions with Lipschitz constants
are continuous, and Figure 4.3.1 shows that a
continuous functiong that maps| to itself
has at least one fixpoirpt there.

Figure 4.3.1 g maps
interval p,b] to itself

If L <1, there can benlyone fixpoint: if g were another, thenp - q| = | g(p) a)i(
<L|p-q|<|p-dq|, contradiction!

Now, define theerror &,=x, — p of the approximatiorx,. Then

‘8n+1‘ = ’Xn+1_p’ = \g(xn) _g(p)‘ < L‘Xn —p\ =L’8n

and applying this inequality repeatedly yields
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‘8n‘ < Ln‘go‘

forevery n. If L <1, theng,~ 0, hencex,~ p. The type of convergence displayed here
has a special name: if a sequencg x;, X,, ... approaches a limitp and successive error
terms g,=x, - p are related by an inequalitye,,,| <L|&,| with a

constantL < 1, thenx, is said to converge t@ linearly. (This concept can be extended
to vector, matrix and complex sequences by using norms.)

This analysis has demonstrated that you can use fixpoint iteration to approximate a
fixpoint p=g(p) if g maps a closed interval containing p into itself, has a Lipschitz
constant L < 1 there, and your initial guess lies ih The successive approximations
converge top linearly. Moreover, suppose you know a bouBd> | &,| for the error in the
initial approximation. Then you can use the inequaljty,| < L"|&,| to estimate the number
n of iterations required to ensure that the error is less than a specified tol@rarstep when
L"E<T —thatis,

N> log (T/E)
EloglL

This analysis partially explains the difference between the three funajosaggested
at the beginning of this section to solve the equatiére A. For the first one,g(x) = A/x,
the required inequalitiegy(a) < b and a < g(b) would imply A < ab < A, henceA =ab
and g(a) - g(b) =b - a. Thus, there’s no Lipschitz constabt< 1 for any interval 4,b]
that g maps to itself. The condition for using fixpoint iteration fails, and the successive
approximations don’t converge. This function won't be considered further.

The difference between the good and excellent results given earlier for fixpoint
iteration with the other two functions

x+A4 1
X) = —
— g(x) 5

a(x) =

A
X+ =
x}

stems from the values of their derivatives at the fixpgint VA. If g’ is continuous on the
interval | under analysis and. is a number such thatg’(¢)| <L forall £ in I, thenL

is a Lipschitz constant forg on |: for each x and x" in |, the mean-value theorem
provides & betweenx and x’ such that

|9 - a(xX)| =|g'(E)(x - X)| < L|x-x] .
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In fact, a closer analysis [7,Section 3.3] shows tha'if is continuous atp and | g'(p)|

<L <1, then you can find some closed bounded intetvalontaining p that g maps into
itself, for which L is a Lipschitz constant. Thus you can use fixpoint iteration to approxi-
mate a fixpoint p = g(p), provided | g'(p)| <1 and your initial approximatiorx, is close
enough to p to lie in I. (Unfortunately, this analysis doesn’t talbw close you must be.)
Further, you can usé& with the inequality | &,| < L"|&,| to estimate the number of iterations
required.

Here are the derivatives of the two functiogisstill under consideration:

_x+4 _1f .4
o) = X4 009 = | x}

’ — ]-_A 4 :1_ —A
I00= ¢'(%) 2[1 4

For A= 2, the left hand function hag'(YA) = -0.17; soL =, is a reasonable Lipschitz
constant, and the errorg, will decrease by at least a factor of 5 with each successive
approximation. The right hand function had(/A) = 0 for any A; henceany positive L,

no matter how small, can serve as a Lipschitz constant. This function is clearly the best
choice for solving x> = A by fixpoint iteration. It displays a phenomenon caliggidratic
convergence, which will be considered in Section 4.4.

Implementing fixpoint iteration requires a criterion for stopping the process. A client
could find a Lipschitz constant and an initial error estimate and then determine the number
of iterations required. But that's unrealistic, because those values are often difficult to
estimate. The usual criterion is to stop when the distance between an approximatod
the corresponding functiorg(x) becomes less than a specified tolerarice Since that’s not
guaranteed to happen, the implementation must include an upper limit on the number of
iterations.

The MSP implementation is functionFixpoint, shown in Figure 4.3.2. It has
parameters corrpsnding to the functiong, the initial approximationx, and the tolerance
T. It's implemented by a template for scalars of any type, because fixpoint iteration works
with complex functions as well as real. An additional reference paranteds reports the
outcome of the computationCode = O indicates that the iteration terminated satisfactorily
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with |x - g(x)| <T, whereasCode = -1 signifies that this condition was not attained even
after one thousand iterations. (This upper limit was chosen arbitrarily.)

template<class Scalar>

Scalar Fixpoint(Scalar g(Scalar), // Find a fixpoint of g .
Scalar X, // Initial estimate.
double T, // Tolerance.
int& Code) { // Status code.

try {
int n = 0; // Iteration count.
Scalar p,dx;
do { // Fixpoint
P = g(x); // iteration:
dx = x - p; // do <= 1000
x =p;} // steps. Re-
while (++n < 1000 && abs(dx) >= T); // port success,
if (abs(dx) < T) Code = 0; // or failure to
else Code = -1; /! converge.
return x; }
catch(...) {
cerr << "\nwhile executing Fixpoint ; now x,T ="
<< X << ',' << T;
throw; }}

Figure 4.3.2 Equate1 function Fixpoint

As a more realistic example to demonstrakdxpoint, consider the cam function
f(x) of Figure 4.2.2. The equatidiix) = 0 is equivalent to

0.7

0.4

Q
wn
—
=
=
1l

X

sinx = 0.4¢?2”

X

X = arcsin(0.4eﬁ) = g(x) .
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Thus, the root of the cam function is the fixpoint of this functign Figure 4.3.3 shows
execution of functionFixpoint to locate it.

Finding the fixpoint x of ¢g(x) = asin(.4 exp(x/2m))
by Fixpoint iteration

Initial estimate x : O

Tolerance T : .000001

Itera-

tion X g(x) x - g(x)
0 0.0 0.41 -0.41
1 0.41 0.44 -0.030
2 0.44 0.44 -0.0022
3 0.44 0.44 -0.00017
4 0.44 0.44 -1.3e-05
5 0.44 0.44 -9.7e-07

Fixpoint x = 0.4436807

Code = 0

Figure 4.3.3 Executing functionFixpoint

In Figure 4.3.3, the ratios of successive valuexof g(x) are approximately constant,
=~ 0.075. There’s a reason for that:

lim xn+1 _g(xn+1) — lim g(xn) _g(xn+1) — ]_im gl(fn):gl(p)
new X, ~ 8(x,) o X, "X, n- e

In this equation, £, is a point (provided by the mean-value theorem) between the approxi-
mations x,,, and x,. Now differentiateg, computeg’(p) = 0.076 for the fixpointp, and
thus explain the values of the ratios.
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Earlier, you saw that one of the conditions for successful fixpoint iteration is [ghét
<1, where p = g(p) is the fixpoint. The following ratidimit, similar to the one just
computed, shows what happens wheg’(p)| > 1. If g’ is continuous in a neighborhood
of p, then

lim 20 i Eae) 7P g () 8P g(&) =g'(p).

neo €, mee &(X,) P nee X, 7D nooo

Here, &, lies betweenx,,, and p. If |g'(p)| > 1, then|e,| increases without bound: the
sequencex, diverges.

An inverse functiong™ has the same fixpoints ag p = g(p) if and only if g *(p)
= p. If these functions are differentiable, then their derivativeg atare reciprocal. Except
in the rare case when both have absolute value 1, one will have absolute value < 1, and
the other, > 1. Thus, you'll be able to use fixpoint iteration wxhctlyone of them to find
p. For example, the inverse of the Figure 4.3.3 functipnis g *(x) = 27log(2.5simx).
If you perform fixpoint iteration ong ™ starting with the final approximationx, = 0.4436807
in the figure, you'll just get the original valueg,, x;, ... in reverse order. The sequence
diverges.
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