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Tarski: Problems for Students and Teachers

James T. Smith

Who was Alfred Tarski?

e 1901-1939, Warsaw; 1942-1983, Berkeley
e 1923-1953: perfected our framework for research in mathematical logic.
e 1953-1983: its preeminent figure

e My teacher's teacher, my external PhD examiner

Biography

e Feferman & Feferman 2004

Background

e Smith 2010 (October 2010 HPM meeting)
e Sznajder 2010 (March 2010 HPM meeting)



Tarski’s Schooling

Born 1901, in Warsaw, then part of Russia
High school 1915-1918 there, during German occupation
University 1919-1924, during Bolshevik war & birth of Polish republic

1923-1924, dissertation and papers on Stanistaw Lesniewski's logic



Tarski’s Early Career (1)

¢ 1924, seminal papers on interrelations between

e definitions of finiteness
e axiom of choice
e cardinal arithmetic

¢ 1924, the famous paper with Stefan Banach:

« In R® any two bounded sets with interior are decomposible into = finite
numbers of disjoint = sets.




Tarski’s Early Career (2)

¢ 1925-1939
e Taught geometry at the Stefan Zeromski school, Warsaw.

high-school teacher

. 7
 Tarski ]
postdoc — lecturer Never a professor in Poland,

but known worldwide in logic.

¢ 1927-1928 logic seminar, Warsaw University

 Axioms for elementary real arithmetic, geometry
 Elimination of quantifiers = decision procedures

* Not published in any detail until 20-30 years later



1929

1930

1931

Parametr (1)

Tarski argued for an organization for teaching, independent of the research
community.

Antoni M. RUSIECKI started Parametr, for gimnasjum teachers and their best
students

Government administrator/supervisor

e curriculum developer

e teacher trainer

* interface with universities

* entrepreneur

Discovered Mark Kac (Kac autobiography)
Good subject for research

Material for students — supplement, Mfody matematyk
(Young Mathematician)
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ANTONI. MARJAN RUSIECKI (Warszawa] ST s 26)

L ' Ehpsograi ‘Antoniego Wasilewicza.

Jezeli wyznaczymy rzat prostopadly okregu, lezqcego w: pla.sz—
czyznie nachylonej do p{aszczyzny rzutdéw, fo otrzymamy elipse.
Jedna ze srednic okregu, mianowicie srednica rownoﬁegia do plasz—
czyzny rzutéw, zachowije w rzucie swa dlugosé i daje wielks os
elipsy 2q; $rednica-okregy, prostopadla do tej sredmcy, daje w rzu-

cie mata of elipsy 2b, a wszystkie cieciwy do me] réwnolegle pod- ‘

lega]q skréceniu w tym samym stosunku & : a.

Na te; whasnosci ehpsy opiera si¢ sposéb_jéj kre§lema przy“ -

pomocy okregu opisanego i okregu wpisanego.

pd

Kreshmy dw1e osi do s1ebxe pros’copadle OX 10Y. Z punktu
O jako ze $rodka Zzataczamy promieniami a i b dwa okregi; jeden
z ‘tych okregow bedzie opisany na elipsi¢, a drugi v wpisany w elipse,-

Przypuscmy, ze dookola $rodka O obraca sie ruchoma prosta
m, ktéra “'w pewnem polozeniu przecina okregi w punktach PiQ.
Kreslimy PS- ||-OY i QR || OX; pun.kt R przeciecia’ tych prostych:
]e(s)t Y]ednym 2 punktow elipsy, ma]ace; osi 2a i 2b na prostych OX.
i

W same; rzeczy, ‘mamy,

: . R =TQ
: . TQ:SP = 0Q: OP :
oznacza]ac rzgdnq SP punktu na okregu przez ¥, a rzedus SR }e-
go rzuld na elipsie’ przez ¥y , otrzymu;emy proporc,e ’
Yieiy=1>5:a

Proporcja ta wyraza znang wlasnoéé elipsy jako rzutu okregu.

PARAMETR . 93

Poprowadzmy teraz- przez punkt R prostq rownolegtq do pro-
~ste1 OP. Punkty przeciecia te] prostej -z osiami OY i OX ozna-
czamy odpowiednio przez U i V. Pomewaz ﬁgury OPRU i OQRV

53 rownoleglobokaml. przeto mamy

UR — OP, czyli UR .= a,.
VR = OQ, czyh VR =b,
Stad widzimy, ze ]ezeh prosta, na. ktore1 leza sziywnie ze so-
‘ba sprzezone punkty U, V i R, porusza sie w ten-sposob, zé punkty
I i V posuwaja sie odpowiednio po osiach OY i OX, to punkt R
zakre§la ehpsq, poélosiami tej elipsy na prostych OX i OY sa ‘od-
cmkl UR=aiVR =05
Na te; zasadzie’ opiera sie konstrukc]a przyrza,dow do mecha—
n1cznego wykreslania elips — t. zw. elipsograféw, : Sama zasada
znana byla juz w starozytnosci. Pierwszej technicznei realizacii
elipsografu mial podobno dokonaé Leonardo da Vinci
Znajdujace si¢ na rynku ehpsodrafy sa dosé kosztowne {oko-
1o 200 ztotych).
Artysta-rzezbiarz p. Antom Wasilewicz wpadl na pomyst
nader prostego zastosowania konstrukcy]na] zasady elipsograféw
i stworzyl »elipsograf : dostosowany do cyrkla .

Ze zwyklego cyrkla technicznegb wy'imuie sie przymocowane
na $rubce ostrze-nézki cyrkla i na miejsce tego ostrza przykreca
Sie sztabke metaldéwa z dwiema ruchomemi nozkamz




ROK 1 MARZEC 1931 NR. 3

CULLLEE L Wi TR AR A e " LR T e T T I

MrODY
PIATEMATZE

CZIASOPPISMO DL MEQIDZIKEZY SZKOLNEJ
WYCHOIDZI POID RIEDAKCI S M. M. RUSIHECKIEG O
FPIRZY WSPORUDZIAILE S. STIRASZIEWICZ H.

TRESC: J. Gadomski Odkrycie Plutona. — A. Tarski. O stopniu
réwnowaznoéci wielokatéw. — Rozwiazania zadafi Nr. 40 i 57. —
Zadania Nr, 167 — 181,

DR. JAN GADOMSKI (Warszawa).
Odkrycie Plutona.

Jednem z najciekawszych dla miloénikéw nieba wydarzen
astronomicznych w ciggu lat ostatnich jest odkrycie nowej, dzie-
wigtej ,,wielkiej" planety systemu slonecznego. Okolicznosci
warzyszace jej odszukaniu, zasluguja ze wszech m' s
Obrazu]q one w sposéb wyrainy ustawiczge

kolwiek proble :
Wiascivyass

Tarski [1931] 2012a

On the Degree of
Equivalence of Polygons

ROK1  MIODY MATEMATYK

DR. ALFRED TARSKI (Warszawa).
O stopniu réwnowaznosci wielokatéw.

W artykule tym pragne oméwié pewne pojecia, nalezace
calkowicie do zakresu geometrji elementarnej, a dotad niemal
wcale nie zbadane.

Jak wiadomo, dwa wielokaty W i V nazywamy réwnowaz-
nemi, wyrazajac to wzorem: W == V, jezeli dajg si¢ one po-
dzieli¢ na jednakowa ilo§é wiclokatow odpowiednio przystajacych.
Ten podzial wielokatéw rownowaznych na cze$ci przystajace nie
jest jednoznaczny: dwa wielokaty réwnowazne daja sig podzieli¢
na czeci przystajace w sposéb rozmaity zaréwno pod wzgledem
liczby, jak i ksztaltu tych czeéci. Wyjaénimy to na przykladzie.

w -
We| We] Wi Wi Vv

Wi

W

Ws
% Vz Va

W; ‘v’-

\%

Rys. 2.

Zaréwno rys. 1, jak i rys. 2, wykazujg, ze kwadrat o boku
a oraz prostokat o bokach $a i {a sa sobie réwnowazne, ale
ich podzialy na obu rysunkach sg zgola réine.

W zwigzku z tem spostrzezeniem nasuwa sie¢ w sposob na-
turalny pytanie: na jaka najmniejszq liczbe czeéci odpowiednio
przystajacych mozna podzieli¢ dwa dane wielokaty rownowazne?
Zagadnienia tego wlaénie typu pragniemy poruszy¢ w ,,Parametrze'.

W tym celu przyjmiemy nastepujaca definicje:

Stopniem réwnowainosci dwoéch wielokatéw réwnowaznych
W i V nazywamy najmniejsza liczbe naturalng n, czyniaca zados¢
warunkowi: kazdy z wielokatow W i V daje sie podzieli¢ na n
wielokatow w ten sposdb, ze wielokaty, otrzymane z podzialu W,
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Parametr & Mtody Matematyk

Impressive publication, but largely a one-man show: Rusiecki (AMR)
Vol 1 (1930) 399 pp.

45 articles by 24 different authors, 12 by AMR
e 58 notes by 17 authors, 33 by AMR
140 problems, 18 solutions, largely by AMR

In every issue, AMR complained about overwork!

Vol 2 (1931-1932)
Vol 3 (1939)

Tarski published there

« 1 pedagogical paper,

e 2 research papers,

e & fostered 1 more, by Henryk Moese.

But today I’m interested in the problems he contributed.



Problems Posed

Why do that?

 They’re beautiful
e For bravado
e For instruction

 To identify the elite

In Vols. 1-2 of Parametr (including Mtody matematyk)

e 218 numbered problems & a few others
e« AMR: 76 of them ... 35%
e Tarski: next with 14 ... 6%

* Most others collected by AMR from examinations

What had Tarski in mind?



CONTEST PROBLEM I1
Exercise on Diluting Wine

A winemaker had two barrels; one had a
volume of a liters, and the second, b liters.
The first barrel was filled with pure wine but
the second was empty. The winemaker
poured a certain amount of wine— x liters
—from the first barrel to the second, and
filled up the second barrel with water. After
mixing the wine and water, the winemaker
poured from the second barrel to the first
just enough so that the first barrel became
full. It turned out that in the first barrel was
the kind of wine that we would obtain if, into
the barrel containing a liters, we poured c
liters of pure wine and filled up the remain-
ing [volume] with water.

Find x and report for what values of the
givens a, b, c we have (1) two solutions, (2)
one solution, (3) a problem with no solution.

Dr. Alfred Tarski (Warsaw)

Tarski [1930] 2012a

Iy

éIx[(a-x)+x*Ib=c]
A=

éIx[x*-bx+(a-c)b=0]
—

éb*-4(a-c)b=0

Quantifier elimination!



An Instance of
Hauber’s Law

x’+Bx+C=0
D=B?-4C
D>0v D=0v D<O Exhaustive
I I I > The | are reversible.
J12x Jlx ~Jdx Exclusive

¢ Useful in several problems for organizing cases

¢ Featured as a logical tool in

e Chwiatkowski, Schayer & Tarski 1935, Geometrja dla trzeciej klasy
gimnazjalnej

 Tarski[1936] 1995, O logice matematycznej i metodzie dedukcyjnej



- ¢,
Exercise 167. System of inequalities. Investi-
gate what conditions must numbers k, I, m xy>0 & kx+ly<m
satisfy so that there should exist an angle ¢

in the first quadrant (0 < ¢ < 1/2 1) satis- 3%,y &
fying the following two inequalities simulta- x?+y’=1 & Ix+ky<m
neously:

= ¢

kRcosp +1lsinp<m
ksingp +1lcosp <m.
a very complicated disjunction of

Ten points for solution. A. Tarski (Warsaw) _ ' _ _ .
conjunctions of linear inequalities

involving only k, I, m.
Tarski [1931] 2012b

¢ Emphasizes
e Inequalities
e Quantifier elimination

e Case-ridden argument



Exercise 183. Postulate about parallels. Accepting the sys-
tem of axioms for Euclidean geometry given by David Hil-
bert, or any system established in one of the Polish school
texts on elementary geometry, show that the axiom of paral-
lelism can be replaced by the statement,

For every point interior to a convex angle there exists
at least one segment which passes through this point
and has endpoints on the edges of the given angle.

Five points for solution. A.T. (Warsaw)

Tarski [1931-1932] 2012b

¢ From 1927-1928 Warsaw logic seminar.
¢ This axiom was reported in Bonola [1906] 1955.
¢ It stems from Lorenz [1791-1792].
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¢ Hilbert used Playfair’s axiom: ¢ Tarski’s axiom mentions only points,
this data = g=g’'. betweenness @:
4 It mentions points, lines, BOPQ & BR'PS' & O#P =
incidence. JR3S(BOR'R & BOS'S & BSQR)

¢ Tarski’s axiom is closely related to the Pasch axiom.
¢ There are still good research problems on that relationship.

¢ The exercise uses
 simple mathematics, but a

 sophisticated idea: axiomatics.



¢ Final example, to accent two recurring features: emphasis on
e geometry, and on

e case-ridden arguments.

Exercise 214. Arranging two segments in a
plane. Given on a plane is a figure consisting
of two segments. Indicate all axes and cen-
ters [of symmetry] of this figure, lying in its
plane. Give an exhaustive discussion of the
possible cases.

Five points for solution. A.T. (Warsaw)

Tarski [1931-1932] 2012e

¢ A solution is a fine tour of elementary geometry,
e including an introduction to symmetry, but

e organizing it is a major piece of knowledge engineering.



Assessment (1)

¢ Tarski’s major emphases were
e Geometry
* Inequalities
 Organizing case-ridden arguments

* Quantifier elimination (tacit)

¢ For several problems,

* the form of a solution was not clearly specified.



Assessment (2)

218 exercises in Parametr . ......... 84 (39%) solutions published through 1939.

1930-1932 including Mfody.

26rated>10pts . ................. Only two solutions of these.

Solvers: gimnasjum students ..... 20 Very many published
gimnasjum faculty ...... 13 solutions apparently
others ................. 17 due to editor Rusiecki.

Rusiecki: Not enough!

Tarski:

14 problems ........... Only two very easy solutions published.
6 rated > 10 pts



Assessment (3)

Why did Tarski propose the problems?

e They're beautiful ............. Yes, but Tarski never dwelt on that.
e Forbravado ................. Maybe, but ...

e Forinstruction ............... Evidently not much.

e Toidentify theelite ........... 1?

Goals may simply have been confused,
* or Tarski’s problems unrealistically difficult.

e [f not,then...

The editors &/or Tarski evidently intended them

* not for fostering development of talented students in general,
but as

» stimuli for the very topmost, and

e as means of identifying those.



Confirmation

¢ Ourconclusions agree with recollections
of Tarski’s 1934-1938 high-school stu-
dent Witold Kozlowski:

 Tarski's favorite area was geometry.
 Gifted students — his home.

e Tarski’s Univ. students
— his school lectures.

Joanna & Andrew McFarland
Witold Kozlowski (1919-)
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Alfred Tarski
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With a Bibliographic Supplement
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