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This paper presents a characterization of the group of
ns of a metric geometry of arbitrary, not necessarily fi-
limension. A metric geometry is a structure that satis-
Hilbert's Incidence Axioms. some simple orthogonality
tions, admits reflections in all points and lines, and
sfies the Three-Reflections Principles. These Principles
that the composition of reflections in three collinear
s is itself a point reflection, and the composition of
lection in a line in e . The metric geometries thus in-
the Euclidean, hyperbolic, and ‘elliptic geometries over
tive fields whose chp.r'-acteristics are not two. In [2]
thor gave equivalent analytic and synthetic definitioms
metric geometry. The motions of a metric geomatr& are

ansformations in the group ﬁ generated by the union

sets, | and q of its point and line reflectioms.
[1) has characterized this group as a group 3 gener-
by the union of two subsets R and q. whose elements
y certain axioms suggested by properties of point and‘
reflections. In the elliptic case, tha‘/ set g is un-
ssary because each line reflection is the cémposition of
reflections in two conjugate points. A characterization
he group of motions of an elliptic geometry as a group B
a single generating subset 'R has been given by the au-
in [3]).

.Since each line reflection is the composition of the
ctions in an incident point and hyperplane, the group of
ha of a metric geometry is also generated by the union of
sets 'R and ¥ of its point and hyperplane reflec-
This is the viewpoint of the present paper: the group
mof ions of an arbitrary metric geometry is characterized as
up B generated by the union of subsetsa | anda ¥
8¢ elements satisfy certain axioms suggested by properties
p’oiqt and hyperplane reflections. The axioms are chosen to
tt maximum use of the results in [3] applied to the group
tions of the elliptic geometry of all orthocomplemented
rﬁlancn through the point corresponding to an element

ﬂ « Because of the concisenoss of the elliptic axiom
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system in [3), the axiom system of §§e~gzjcep;
simpler than Evald's [4].
let B be a group, R and |

flections in the points and the orthocompleme
Elements of 'ﬂ, will be denoted by upper case:
R ; elements of # '
a,B e W,

aol...lan means that ciln.j whenever 1.#£.j

by lower case letters
the notation olB means of =
tion Voh,j § is used for V¥ h,j[ 0)n, 53 &]
formulas are treated similarly. Axiom 8n is a

q = 0.1,0.. .

axToM 1. YoV k. Lmlk # £~

Jppnlmenln & Vil kf15 e 0,015 ]
axioM 2. VoV h3IP[oP £ PO & V 5L Pljes im ]
AXION 3. V0,P,Q [0 ~3R,h[Q.RIK & V1 [O0P1]
AXIOM 4. 30,h,j[0m,j&h £ 3].
AXIOM 5. vYn3o([otn]. v
AxIioM 6. Vvo,P,m{ VYj[oPlj -mij)~ 3nQPg::;
AXIOM 7. VO Yok fum [ V(i [kof13 = mij) ~ 3
AXION 8 . VO Voh,....n [hol...)n, &0 #£ ho..‘h

3'Ohn-o-‘l h0""”‘:}«'-‘! 1.

P and the reflection in P is one to one‘; simil
correspondence between an orthocomplemented hyperp
the reflection in h is one to ome.. Point reflec
mute if and only if the points are equal or conjug
plane reflections commute if and only if the. hype
equal or orthogonal. The reflection in a point: I
with the reflection in a hyperplane h 4f and onl
lieson h or P 4s the pole of h . In the toru
composition of the reflections is the reflection ir

pendicular to h at P ; in the latter case, th



As a vve’raion of Conjugacy Axiom C1 of [3].

t for any points K , L and M with K /L
gémetry there exist points N and H such
‘N .are conjugate to H and the lines KL and
~gee. Figure 1.) Axiom 1 is Axiom C1 applied to

ons:in hyperplanes through the point corresponding

N

Figure 1. Conjugacy Axiom C1 of {3].

2 says that a line OP perpendicular to the hy-
h can be erected at O . Axiom 3 says that a hy-

orthogonal to the line OP can be dropped from

<'The "points" of the dual geometry are the

ions" h ¢ ’I 3+ the "conjugacy" relation

} (informally speaking). The local ge-
elliptic; the conjugacy relation is

[0.h]) " and [0,h'] are conjugate if hjn' .
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With little trouble the lines and planes connecting the local
geometries can be defined; the resulting: group geometry sat-
isfies the Incidence and Orthogonality Axioms for metric geom-

etries. The inner automorphisms of 13 corresponding to the
elements of W and H¢ are reflections in the points and
orthocomplemented hyperplanes of the group geometry, which is
then & metric geometry by the Three-Reflections Axioms 6 and
7. The inner automorphism group of B is thus the group of
motions of the group geometry. A long argument involving the
classification of these motions, using Axioms 81.82.... .
shows that the center of B is trivial, hence 43 is iso-
morphic to the group of motions of the group geometry.

To characterize the group of motions of a métric geome-
try o.f finite dimension n 2 2 it is only necessary to use

Axioms 1 to 3, 5 to 7, and the axiom

30,hy,..esh [Othgleein o &0 =hy.eeh o],

For the group of motions of an infinite dimensional metric ge-
ometry, use Axioms 1 to 3,5 to 7, and for n = O,1,... the

axioms :

3 O.ho,‘..,hn[olhol...lhn] .
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