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This presentation is about

Euclidean geometry as an axiomatic system,

definitions in geometry, and

definability in geometry, and emphasizes

contributions of Mario Pieri and Alfred Tarski.

It’'s adapted from and expands on Marchisotto & Smith 2007.

A full version will appear soon in the American Mathematical Monthly.
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Pasch

¢ During the 1800s ...

Moritz PASCH (1843-1930)  portrait
 saw the need to repair Euclid,

* to firmly ground the popular projective methods.

Pasch’s 1882 Vorlesungen Uber neuere Geometrie  title page



During the 1800s

The relationship of various theories became very involved: for example,
 Euclidean and non-Euclidean geometry can each be extended to projective geometry;
e we can introduce projective coordinates;

e use apolar system to measure distance; and

* reconstruct Euclidean or non-Euclidean geometry from different polar systems.

Algebraic geometry relied more and more on projective methods.

This complexity led to new emphasis on axiomatics.
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Pasch 1882

¢ -+ developed incidence and congruence geometry,
 extended it to projective space, then showed how

 to select a Euclidean or non-Euclidean polar system.

Its primitive concepts were
e point e coplanarity of a point set
 segment between two points e congruence of point sets

Example definitions:
 Three points are collinear if they are not distinct or one lies between the other two.

 The line determined by two distinct points is the set of points collinear with them.
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Peano

¢ Giuseppe PEANO (1858-1932) portrait

e as ajunior professor at the University of Torino undertook to reformulate
with utmost precision all of pure mathematics!

Peano’s 1889 book title page

 freed the axiomatic method from references to the real world. page 24

Peano’s 1894 paper Sui fondamenti della geometria
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Peano

Giuseppe PEANO (1858-1932) portrait

as a junior professor at the University of Turin undertook to reformulate
with utmost precision all of pure mathematics!

Peano’s 1889 book title page

* freed the axiomatic method from references to the real world. page 24

Peano’s 1894 paper Sui fondamenti della geometria




e

» si deduce

vincide con b, ¢ con &, allora il

ab & una classe

Peano 1889, 24

There is a category of things called points.

These things are not defined. Moreover,

given three points, a relation between them is
considered, indicated by c € ab, which is
likewise undefined. The reader can denote by
the symbol 1 an arbitrary category of things
and by c € ab an arbitrary relation between
three things in this category; all the defini-
tions that follow (§2) will always be valid, and
all the propositions of §3. Depending on the
significance attributed to the undefined sym-
bols 1 and c € ab, the axioms can be satis-
fied or not. If a certain group of axioms is
verified, then all the propositions that are de-
duced from them will be equally true, being
merely transformations of these axioms and
definitions.



Peano

Giuseppe PEANO (1858-1932) portrait

e as ajunior professor at the University of Turin undertook to reformulate
with utmost precision all of pure mathematics!

Peano’s 1889 book title page

 freed the axiomatic method from references to the real world. page 24

¢ Peano’s 1894 paper Sui fondamenti della geometria




Peano 1894:
Sui fondamenti della geometria

* introduced the use of (direct) motion as a primitive concept.
A geometric transformation, it does not involve time.

It replaced congruence.

Figures are then defined as congruent if a motion maps one to the other.
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Pieri

¢ Early career

Pieri’s 1900 Monograph on Point and Motion




Pieri’s Early Career

Mario PIERI (1860—1913)

 Doctorate at Pisa in algebraic geometry, then

 Professor at the Turin military academy and assistant at the University.

portrait

 Influenced by C. Segre and Peano to study foundations of projective geometry,
 Pieri achieved its first complete axiomatization, then
e turned to absolute (Euclidean n hyperbolic) geometry,

« emphasizing (direct) motion as a primitive concept.
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Pieri

Early career

¢ Pieri’s 1900 Monograph on Point and Motion title page



MEMORIE

REALE ACCADEMIA

DELLE SCIENZE

DI TORINO

SERIE SECONDA

Towo XLIX

TORINO
CARLO CLAUSEN
Lisral delia A, Aecademia dalle Scienzs
1900

Pieri 1900

DELLA

GEOMETRIA ELEMENTARE

COME SISTEMA IPOTETICO DEDUTTIVO

MONOGRAFIA DEL PUNTO E DEL MOTO
T

MARIO PIERI

LIBERO DOCENTE ALL'TWIVERSITA D Tommwo

Approvata nell Adunanza del 14 Maggio 1599.

PREFAZIONE

“Duetmnqnlh mit denen eine Wi be-s
ginnt, mfissen klar und auf die kleinste Zahl
:.kﬁgl'hrt sein. Nur dann kbonen sie

L hhrg! de eine feste und gentigende Grundlage”
* bilden ,. N. I. Lonarscamrexs, Ueber die J.u{-'v
- griinde der Geometrie (Uebrs. Ewom).

" Les th pures & mesare 1
® les problimes connus sont approfondis en
= d‘lpm des méthodes nouvelles. A mesure que nous ©
mmpremn- mieux les anciens pmblh:e-, now- .
* yeaux se prisentent 'd'eux ‘miémes . "
Discours promomcé & Vienmme lo 27 l!ptmbr! 1804
(Trad. Luvex)

Per sistema ipotetic deduttivo intendi lunque dottrina pur t
deduttiva — o scienza di ragionamento — la qun]e non solo distingua orgamica-
mente i giudizl a priori, o primitii, da quelli derivati, o dedotti, e insomma
gli assiomi e postulati dai teoremi; ma cosl ancora e nella stessa misura
disponga le varie nozioni intorno a cui versano questi gindizi, segnalando percid le
idee madri, pmmu, 0 1ndacomposte‘ e mantenendole ben distinte da quelle che
ne sono riprod formali o p aversi per tali, e che insomma
risultano effettivamente composte mediante le prime combinate fra loro e con le
categorie della Logica. Le due distinzioni sono in verita molto affini; e la seconds
non & meno antica dell’altra, né par che le spetti un valore molto diverso: ma
con tutto cid non I's stata riconosciuta praticamente un’eguale importanza dai mate-
matici prima dei nostri tempi (*). Invero si cerch per lo pih di ridurre in minor

e dert

(") Be per definizione s'intenda una pura e semplice imposizions di momi a cose gih mote
od acquisite al sistema, le idee primitive saranno i concetti wom defimiti. Ma il * definive’, @




Pieri 1900: Point and Motion

A translation will appear in Marchisotto et al. 2011(?).

It developed geometry from just two primitive concepts, point and motion, and

provided complete proofs of all theorems.

Pieri framed it as a hypothetical-deductive system (= our axiomatic theory),

following Peano’s approach, as publicized by Pieri and Alessandro PADOA.

Some critical definitions




Pieri 1900 Definitions

P, Q, R are collinear < (3 nontrivial motion p)
[WP=P & pQ=Q & pR=R],
following Leibniz. Motions must be direct!

P, Q are equidistant from R < (Iu)[pP=0Q & YR=R]

Q is midway between P, R < Q is collinear with & equidistant from P, R

Q is somewhere between P, R < see figure 1




Figure 1

Pieri’s 1900 definition of
Q lying somewhere between P, R
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Veblen and Enriques

¢ Oswald VEBLEN (1880-1960)

* in 1905 claimed to base Euclidean geometry on just
two primitive concepts, point and segment between.

portrait

But in 1907 Federigo ENRIQUES noted that

 Veblen's polar system, incompletely defined,
was evidently a third primitive concept.

In 1911 Veblen did succeed with three primitives:

e point, segment, and congruence of point pairs.
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Pieri’s Point and Sphere

¢ Appearedin 1908 first page Translated in Marchisotto & Smith 2007

Pieri did base Euclidean geometry on just two primitive concepts:

point equidistance of a point O from two others (OP =0Q)

He used this train of definitions—hold your hat.

Pieri’s axioms were frightfully complicated,

 but we’d call them all first-order, except for continuity axioms.

He included all details of his proofs!

Pieri 1908 received little acclaim,

e exceptin Poland: Pieri 1915 is a translation. Why???




La Geometria Elementare
istituita sulle nozioni di ‘punto’ e *sfera’.

Memoria del prof. MARIO PIERI

eyt al R ant M ~ _ . N
ipresentata dal Socio (5, o - ata dal Secia G. Seare),

Pieri 1908

Point and Sphere

le materie prime:il * punte’
pud interpretar ron le frasi

« @ una certa o + fra tre pun :
' b te ne alla stera di J, eentroa’, *le

g dista da « quanto &, a’
. coppie b} ed {w,¢) sono ¢ fra lovo’, ¢ rapp tar, se ¢l piace,
« col simbolo ' E . 1'ceressiva complicazione che involge

« ginora la pil g parte d'un tal sistema (late le molte esigenze d' indole llngma-
« deduttiva, a eni si vuol sottostare) me laseia tuttavia il desiderio, se non il bisogno,
« di nuori studf e di ricerche ulteriori (') =. Frutto di cosl fatte ricerche il presente
11a Reale

(*) u Della Geometria Elesmentare conis sistema l‘r.-ia:#.ll..‘-llr.:f!l.llh. . nelle Memorie de

Accademia delle Scienze di Torine, v. XLIX
44

SocieTh pE1 XL. Serie 3% Tomo XV.




Pieri’s Point and Sphere

Appeared in 1908 first page Translated in Marchisotto & Smith 2007

Pieri did base Euclidean geometry on just two primitive concepts:

point equidistance of a point O from two others (OP =0Q)

He used this train of definitions—hold your hat.

Pieri’s axioms were frightfully complicated,

 but we’d call them all first-order, except for continuity axioms.

He included all details of his proofs!

Pieri 1908 received little acclaim,

e exceptin Poland: Pieri 1915 is a translation. Why???




Point & Sphere Definitions

¢ Q isonthesphere P, through P about © < OP=0Q

if O# Q then P is collinear with O,Q <  PonPo={P} (Leibniz)
see figure 2

P=Q/O, thereflection of Q over O < O,P,Q collinear & OP=0Q
spheres are congruent < they’re related by reflection
OP=0R —point pairs are congruent— < R is on asphere about Q

congruentto P,
iIsometry = transformation that preserves congruence of point pairs

(direct) motion = square of an isometry



P is collinear with O, Q; R is not.

Figure 2

Pieri’s 1908 definition of collinearity



Point & Sphere Definitions
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TarsKi

¢ Early career

For research and for his university course Tarski adopted
the hypothetical-deductive system framework.

In the late 1920s he was beginning to use first-order logic,
which avoided use of sets.

Pieri’s 1908 Point and Sphere system, which fit that framework,

was adapted for Tarski’s system of geometry.



Tarski’s Early Career

Alfred TARSKI (1901-1983)
e earned the doctorate in logic at Warsaw under Lesniewski,

* but the economy and antisemitism made it hard to find a job.

In 1927 Tarski was a high-school teacher and university assistant,

 starting on the path to become the world’s top logician.

His research featured application of logical techniques to geometry.

portrait



Alfred Tarski
(1901-1983)

Little is known about Tarski’s
pre-1939 life in Poland. Any infor-
mation, particularly from others’
correspondence, would be of great
value!




TarsKi

Early career

For research and for his university course Tarski adopted
the hypothetical-deductive system framework.

In the late 1920s he was beginning to use first-order logic,
which avoided use of sets.

For his system of geometry, Tarski adapted Pieri’s 1908 Point and Sphere,

which fit that framework.



Tarski’s System of Geometry

¢ Tarski’s primitive concepts were point and two relations,

e congruence of point pairs
e betweenness of triples.

Thus he was also following Veblen’s 1911 work.

Tarski’s axioms were vastly simpler than Pieri’s,

* and his system enabled much deeper research.

* Its models are precisely the coordinate geometries
over real-closed ordered fields.

He didn’t publish until 1959'! title page

The proofs finally appeared in Schwabhauser, Szmielew & Tarski 1983.



THE AXIOMATIC METHOD

WITH SPECIAL REFERENCE TO GEOMETRY
AND PHYSICS

Proceedings of an International Symposium held at the
University of California, Berkeley, December 26, 1957 — January 4, 1958

Edited by

LEON HENKIN
Professor of Mathematics, University of California, Berkeley

PATRICK SUPPES

Associate Professor of Philosophy, Stanford University
ALFRED TARSKI

Professor of Mathematics and Research Professor, University
of California, Berkeley

1959

NORTH-HOLLAND PUBLISHING COMPANY
AMSTERDAM

Symposium on the Axiomatic Method

WHAT IS ELEMENTARY GEOMETRY ?

ALFRED TARSKI
I'nstitute for Basic Research in Science,
University of California, Berkeley, California, U.S.A.

In colloquial language the term elementary geometry is used loosely to
refer to the body of notions and theorems which, following the tradition
of Euclid’s Elements, form the subject matter of geometry courses in
secondary schools, Thus the term has no well determined meaning and
can be subjected to various interpretations. If we wish to make elementa-
ry geometry a topic of metamathematical investigation and to obtain
exact results (not within, but) about this discipline, then a choice of a
definite interpretation becomes necessary. In fact, we have then to
describe precisely which sentences can be formulated in elementary
geometry and which among them can be recognized as valid; in other
words, we have to determine the means of expression and proof with
which the discipline is provided.

In this paper we shall primarily concern ourselves with a conception of
elementary geometry which can roughly be described as follows: we
regard as elementary that part of Euclidean geometry which can be formulated
and established without the help of any sel-theoretical devices.

More precisely, elementary geometry is conceived here as a theory with
standard formalization in the sense of [9].2 It is formalized within ele-

1 The paper was prepared for publication while the author was working on a
research project in the foundations of mathematics sponsored by the U.S. National
Science Foundation.

2 One of the main purposes of this paper is to exhibit the significance of notions
and methods of modern logic and metamathematics for the study of the foundations
of geometry. For logical and metamathematical notions involved in the discussion
consult [8] and [9] (see the bibliography at the end of the paper). The main meta-
mathematical result upon which the discussion is based was established in [7]. For
algebraic notions and results consult [11].

Several articles in this volume are related to the present paper in methods and
results. This applies in the first place to Scott [5] and Szmielew [6], and to some
extent also to Robinson [3].

Tarski [1957] 1959




Tarski’s System of Geometry

Tarski’s primitive concepts were point and two relations,

e congruence of point pairs
e betweenness of triples.

Thus he was also following Veblen’s 1911 work.

Tarski’s axioms were vastly simpler than Pieri’s,

* and his system enabled much deeper research.

* Its models are precisely the coordinate geometries
over real-closed ordered fields.

He didn’t publish until 1959'! title page

¢ The proofs finally appeared in Schwabhauser, Szmielew & Tarski 1983.
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Nondefinability

¢ Consider geometry based on congruence D of point pairs
and betweenness B of triples.

Pieri, in 1908, presented a formula Fabc involving just D, and proved

e (Va,b,c)[Babc © Fabc] — B is definable from D.

Veblen, in 1904, claimed the reverse: D definable from B.
In 1907, Enriques objected.

Tarski refuted Veblen easily in 1935.

Adolf LINDENBAUM and Tarski, by a similar 1935 argument, proved Pieri optimal:
no formula F can be a definition of B or D if F is constructed
just from binary relations R that are definable in Tarski’s system.

This work has led to related studies.




Refuting Veblen

This required a precise definition of definition.
That’s possible with Tarski’s geometry.

Suppose Fabcd were a formula involving just B for which
e (Va,b,c,d)[Dabcd < Fabcd].

There’s an affine transformation A that’s not a similarity.
e F would be invariant under A, because B is.
That’s contradictory, because D is not.

Thus no such F exists: D is not definable from B alone.

This method of argument is due to Padoa in 1900.
But the result is by Tarski in 1935.
It required logical methods unfamiliar until then.



Nondefinability

Consider geometry based on congruence D of point pairs
and betweenness B of triples.

Pieri, in 1908, presented a formula Fabc involving just D, and proved

e (Va,b,c)[Babc © Fabc] — B is definable from D.

Veblen, in 1904, claimed the reverse: D definable from B.
In 1907, Enriques objected.

Tarski refuted Veblen easily in 1935.

Adolf LINDENBAUM and Tarski, by a similar 1935 argument, proved Pieri optimal:
no formula F can be a definition of B or D if F is constructed
just from binary relations R that are definable in Tarski’s system.

4 This work has led to related studies.




Related Studies

Many related studies are reported in Schwabhauser, Szmielew & Tarski 1983.

In 1990-1991 Victor PAMBUCCIAN showed that Pieri’s result
can be improved, if the logic is strengthened:

Let y, z be an arbitrary, fixed, pair of # points.
Then D, and hence B, can be defined in terms of

e the single binary relation Uab < Dabyz,

provided the language and logic permit countably infinite conjunctions.

His argument is what Pieri used in 1908 to analyze the statement,

« distance(a,b) = (m/2") distance(y,z) !
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