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When you add two n-bit unsigned binary integers x and y you add n columns,
each with an x and a y bit, and keep track of carries. Figure 1 shows two examples with
n=4:

x bits 1011 1011
+ y bits 0010 0110
carry bits 1 11
z=x+y bits 1101 10001
“Overflow!

Figure 1 Two examples

The sums z =x + y are n- or n + 1-bit unsigned integers. In the latter case the
leftmost bit is the carry from adding the leftmost column, and the sum would overflow
the capacity of an n-bit storage device. If you write zeroes in the blanks where there
were no carries, you see that to add n-bit unsigned binary integers x and y you perform
n identical column additions. A column addition operation has three inputs and two
outputs. Label the columns right to left with subscripts i = 0 to n — 1. The three
inputs to the ith column addition are the ith x and y bits x; and y,; and the carry
bit ¢; from the previous column. (Carry bit ¢, is 0.) The two outputs from the ith
column addition are the ith sum bit z, and the carry bit c,,, that you input to the
i +1st column addition. (Carry bit ¢, signals overflow!) Figure 2 shows the output bits
that correspond to each possible combination of input bits.

c; 00001111
00110011
¥i 01010101

z. 01101001
c,., 00010111

Figure 2 Corresponding input and output bits



For each input or output bit use the corresponding upper case letter to represent
the proposition that the bit is 1. For example, X, stands for the equation x;, = 1. You
can use Figure 2 to represent the output equations as disjunctive normal forms:

Z,=(-C,&-X,&Y)V(~C,& X, &-Y)V (C,; & -X,;&~Y)V (C,&X,&Y))
Coi=(-C,& X, &Y)V(C,&-X,& Y)V(C,& X, &-Y)V(C,&X,&Y)).

To help you interpret Figure 9 later, label the disjuncts in these normal forms as follows

Z.=#1V #2\ #3\ #4
C,.,=#TV #6\V #5\ #4 .

These notes will design a switching network for column addition. It has three
input circuits corresponding to x,, y;, and ¢,, and two output circuits corresponding
to z, and c;,,;. In each circuit, current is on or off: set the corresponding input or
output bit equal to 1 or 0 to indicate that condition. The switches will be arranged so
that for each possible combination of input currents, the output currents reflect the
entries in Figure 2.

An and-gate is an electrical device with m input circuits ., to £,, and one output
circuit; current flows in the output just when it flows in all inputs. The output circuit
iscalled k2, & .- & k,,. A diagram like Figure 3 represents an and-gate. Figure 4 shows
how to construct an and-gate by connecting relay switches in series. Each switch remains
open unless the coil below is magnetized by the corresponding input current.
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Figure 4 And-gate
Figure 3 And-gate implemented by relays in series
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An or-gate is an electrical device with m input circuits d, to d,, and one output
circuit; current flows in the output just when it flows in at least one input. The output
circuit is called d, V -V d,,. A diagram like Figure 5 represents an or-gate. Figure 6
shows how to construct an or-gate by connecting relay switches in parallel.

A not-gate is an electrical device with one input circuit p and one output circuit;
current flows in the output just when it does not in the input. The output circuit is called
—p. A diagram like Figure 7 represents a not-gate. Figure 8 shows how to construct a
not-gate from a relay switch. The switch remains closed unless the coil below is magne-
tized by the corresponding input current.
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Figure 6 Or-gate
Figure 5 Or-gate implemented by relays in parallel
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Figure 8 Not-gate
Figure 7 Not-gate implemented by a relay
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Figure 9 shows how to construct
the switching network for column addi-
tion. Just connect and-, or- and not-
gates as directed by the disjunctive nor-
mal forms of the output equations. You
need seven three-input and-gates, two
four-input or-gates, and nine not-gates.
Altogether, you need

(7Tx3)+(2x4)+9=38

relay switches.

Early computers, telephone net-
works, and other control devices were
constructed from relays. They were
bulky, slow, and costly. Modern equip-
ment uses solid state electronic switches,
which are far smaller, faster, and
cheaper.

Ci+l

Figure 9 Switching network
for column addition

Intel Pentium computers add 32-bit unsigned binary integers. Ifimplemented this
way, their addition circuits would require 32 X 38 = 1216 switches. Even with solid-

state electronics, it’s useful to minimize the

number of switches required.

Project

Find equivalent Boolean forms for the output equations with as few connectives
as possible. Redesign the network. How few switches can you use?
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