2x2 MATRIX ALGEBRA

James T. Smith
San Francisco State University

These notes introduce some fundamental notions of linear algebra: definitions
and properties of algebraic operations on vectors and matrices. They’re confined to two
dimensions for two reasons. First, this eases your transition from elementary to higher
mathematics. Two dimensional matrix algebra is mainly a notational device. There’s
little content here beyond elementary algebra. Second, two dimensional matrix algebra
is sufficient for plane Cartesian coordinate geometry.

Linear algebra applies to both real and complex numbers. When you read these
notes, you may interpret the word scalar always to mean real numaber, or always to mean
complex number. Although there are some differences between real and complex linear
algebra, they don’t appear at the level covered here. Scalars will be denoted by small
Latin letters a,b,c,....

You can write a pair of scalars as a row or column. A column is called a vector, and
denoted by a small Greek letter a,f,y, .... Its entries are identified by the corresponding
Latin letter, with subscripts. The corresponding row is indicated by a prime. For
example, consider

xl 1]
&= &' = [xpxz]-
Xo

The prime is also used to convert a row back to the corresponding column, so that &'’ =
& for any vector &.

You can add two vectors:

X X, +
§+77={1}+|:y1}=|:1 y1j|.
Xo Yo Xy + Y

Vectors satisfy commutative and associative laws for addition:

E+n=n+¢
E+(n+8)=(E+n) +¢.

Therefore, as in scalar algebra, you can rearrange repeated sums at will and omit
parentheses.
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The zero vector is

[}

Every vector has a negative:

Clearly,
—0=o0 E+o=¢E E+ (&) =o0 -(=&) =¢.

You can multiply a vector by a scalar:

X ax,
ot=ela) = fen)
Xy ax,

Verify the following manipulative rules:

1§=¢ 0f=o0 (-a)é =—-(a&) =a(-§)
-DE§=-¢ ao =o
a(b&) =(ab)& —associative law
(a+b)é=a& + bé& —distributive laws

a(&+n)=af+an.

Similarly, you can add two rows, and define the zero row, the negative of a row,
and the product of a row by a scalar. Moreover,

E+n'=CE+n) -(&") = (&) a(§’) = (ad)".

You can multiply a row by a vector:

Y1

Y

5177 = [x1,xz]|: :| =X1Y1 T X3y,

This is often called a dot or scalar product. With a little algebra you can verify the
following manipulation rules:

0'E=0=%' (@& )y =a(&'n) =&'(an)
En=n'g =& =—-(&n) =&"(-n)
E"+9")C=EC+n'C —distributive laws

Em+C)=§&n+§&'C.
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A matrix is a 2X2 array of scalars. Matrices are denoted by large Latin letters

A,B,C,..., and their entries, by corresponding small letters with subscripts:
a,, a
A= { 1 12} } 2 rows
a21 a22
%f_/
2 columns.

You can add matrices:

A+B-= |:a11 a12:| + |:b11 b12j| _ |:a11+b11 a12+b12j| -

Ay Ay by, by, Qg + by Agy + by

The zero matrix is
0 0
0 = .
0 0
You can also define the negative of a matrix, and the product of a matrix by a scalar:
_A= |:_a11 _alﬂ CA = |:ca11 ca12:| .
Qg Oy CQy;  Cyy

Manipulation rules analogous to those derived earlier for vectors and rows hold for
matrices as well. Check them yourself.

You can regard subtraction of two vectors, rows, or matrices as composition of
negation and addition. For example, § —n = & + (-n). You should state and verify
appropriate manipulation rules.

You can multiply a matrix A by a vector &§. The product A& is the vector whose
entries are the products of the rows of A by &:

AE = |:a11 a12:| |:x1:| _ |:a11-x1 + a12x2:|
g1 Qgy | | Xo Ag1%1 T AgoXy
This equation defines a mapping & ~ A& from R*to R*. You can verify the following
manipulation rules:

Ot =0=Ao (cA)E = c(AE) = A(ck)
(-A)s =-(A8)=A(-§)
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(A+ B)E =AE + B¢ —distributive laws
A +n) =A + Ay.

The definition of the product of a matrix by a column vector was motivated by the
appearance of a system of two linear equations in two unknowns x; and x,. You can
rewrite the system

{ a;,X; +a,x, =b; as AL =B

Qg1 Xy + AgyXy = b,

Similarly, you can multiply a row &' by a matrix A. The product £’A is the row
whose entries are the products of £’ by the columns of A:

a a

' 11 12

§'A= [x1,x2]|: } = [x,ay; + X504, X105 + Xya5].
Ay Qg

Similar manipulation rules hold. Moreover, you can check the associative law

§'(An) = (§'A).

You can multiply two matrices A and B. The product AB is a matrix that can
be described in two ways. Its columns are the products of A by the columns of B, and
its rows are the products of the rows of A by B:

a; a12:| |:b11 b12:| _ |:a11b11+a12b21 allbl2+a12b22:|

AB = [
Ay Qgy | Dy Dy Ay byy + Qgobyy  @y1by + @gyby,

The ikth entry of AB isthus a;b,, + a,,b,,. You can check the manipulation rules

AO=0=0B (aA)C =a(AC) =A(aC)
-A)C=-(AC)=A0)
(A+B)C=AC + BC —distributive laws

A(C+D)=AC+AD.

The definition of the product of two matrices was motivated by the formulas for
linear substitution. From

{ 2y =0a3), TapY, { ¥y = by, x, + by,x,
29 = Qg91Y; T QgY9 Yy = by %, +by5x,

you can derive
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{ 2, = (a0, + a;50,))x; +(ay,6,5 + a,05,)x,
2y = (@y0;) + Ag05, )%, +(@yg, 0,5 + Agby, )%,

That is, from { = An and n = B you can derive { = (AB)&. In short,
A(B&) = (AB)E —associative law.

From this rule, you can deduce the general associative law:
A(BC) = (AB)C.

Proof: jth column of A(BC) = A(jth column of BC) = A(B:jth column of C)
= AB( jth column of C) = jth column of (AB)C.

The commutative law AB = BA doesn’t hold in general. For example,

0 0j|0 0] |0 O 0 0/|0 0] |0 O
0 1[|1 o] |1 0 1 0/{0 1| |0 of
This also shows that the product of nonzero matrices can be O.

Every matrix A has a transpose A’, the matrix whose jith entry is the ijth

entry of A:
!
A= | Q1 G ={au am}
Ay, Qo Ao Ay

The following manipulation rules hold:

A"=A O'=0
(A+B) =A"+B' (cA) =c(A").
For any matrices A and B and any vector &,
(AE) =E'A’ (AB)' = B'A".
Proof: ith entry of A = (ith rowof A)& = &'(ith rowof A)’

= £'(ith column of A") = ith entry of £'A’.

ith row of (AB)' = ith column of AB A(ith column of B)
(ith column of B)'A’ = (ith row of B')A’
= ith row of B'A’.

The unit vectors are

)l
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For any row &', £'u’ isthe jth entry of £’. For any matrix A, Au’ is the jth column
of A. For example,

E'ul = [x,,x ]{1} =x
1)42 O 1

Aul = |:a11 a’12:| |:1} _ {an}
Ay Ay | |0 Ay

The identity matrix is constructed from the unit vectors:

=[5 1)

Clearly, I' = 1. Also, £'I=E&":
, 1 0
E I = ['xh'xQ:| 0 1 = [xlaxZ]'

This implies that AI = A for any matrix A.

~ Similarly, the unit rows u'' arethe rows of I. You can verify that for any column
g, u''E isthe ith entry of £ and for any matrix A, u''A is the ith row of A. This
yields I& = & for any column £ and IA = A for any matrix A.

A matrix A is called invertible if there’s a matrix B such that AB =1 = BA.
Clearly, O isn’t invertible because OB = O # I for every B. Also, some nonzero
matrices aren’t invertible: for example, for every B,

0 0], _[0 0][bw bu] _[0 0]
01 0 1||b, b, b, by,

When thereis a B such that AB =1 = BA, it’s unique: ifalso AC =1 = CA, then
B=BI=B(AC)=(BA)C=1IC=C. Thusaninvertible matrix A has a unique inverse
A such that

AAT=T=A"A.
Clearly, I isinvertibleand I''=1.

The inverse and transpose of an invertible matrix are invertible and

(Afl)fl — A (AI)—I — (A—l)l.
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Proof: the first result follows from the equation AA™ =1 =A"A, and the second, from
A'ANY =(ATA) =1'=T and (A)YA' =(AA) =1'=1.

Any product of invertible matrices is invertible:
(AB)'=BT'A™".

Proof: (AB)(B'A™)=((AB)BYA'=(A(BB"))A'=(A)A'=AA"=]. Similarly,
(B'A™)(AB) = 1.

Matrix inversion is closely related to the solution of linear systems. If A is
invertible, then a system A& = f8 has exactly one solution & = A™B. This means that
the mapping & ~ A& from R® to R? is bijective. Proof: A™'B is a solution because
A(A7'B) = (AAYB =18 = B, and if & is any solution then & = [€ = (ATA)E =
AT (AE) = ATB.

The converse of this last proposition is also true: A is invertible if the system
A& = B has a solution for every vector . The proof is postponed until the end of these

notes.

The determinant of a matrix A is

det A = dei{a11 alz} = Q1 Qg — A 1pQy;.
Qy; Ay
Clearly,
detO =0 det(cA) = c?det A det A’ =det A
det/ =1 det(-A) = detA.

Another such rule, critically important, is very tedious to check:
det AB = det A det B.

Proof:

all a12

det AB = det } {
| Qg1 Qg

bll le :| —
b21 b22

= det

a;,b, +a,b,  a;b, + a12b22:| _
_a2lbll +Qyoby  y10;5 + 0400,
= (a1;0y; + a1505) (@015 + agybyy) — (@110, + @15095) (@g10; + ayyby))

= (a1,091011015 + @11095011055 + @1505,0150,; + @15099D5,D45)
—(@,09,011015 + @110995D150,; + @15091011095 + @13A905,055)
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= (@1,099011095 + @1305,0,50,1) — (@,099-01505) + @1505,0,,b55)
= (@1,099011095 — @110950,509; — @1509,01,095 + @1505,0,,0,,)
= (@1,099 — Q15a9)) (b1,D99 — D13Dy))

b b
=det[a11 am}det{ n 12} — det A det B.

Qg1 Qg 21 Oa

From this product rule you can deduce that if A is invertible, then det A # 0
and
det A = (det A)™".
Proof: 1 =detI =det AA™ = det A det A™.

Some strands in the theory of inverses, linear systems, and determinants still need
to be tied together. First, verify the equation

a a a -a A0y — Q,Q 0
{ 11 12} { 22 12} _ { 1199 12891 — (det A1
Qg1 Qg | | Ay Qg4 0 A11Qg95 — Q15Qg;

This shows that if det A # 0, then A is invertible and
Al = 1 Qg —Qyy
detA |-a,, a |
It follows that the single equation AB = I implies that A isinvertible and B =

A™. Proof: AB =1 implies det A det B =det AB =detI =1, hence detA # 0 and
A is invertible, hence A* = A1 = A"(AB) = (A"A)B = IB = B.

The single equation BA = I also implies that A is invertible and A™ = B.
Proof: A'B' = (BA)' =1' =1, hence A’ isinvertible by the previous paragraph, and
(A")' =B’ Butthen A =A" isinvertibleand A" = (A")" = ((A")™")' = B” = B.

Now it’s possible to give the proof about linear systems that was postponed: if the
system A& = [ has a solution for every vector 8, then A is invertible. Proof: Con-
struct a matrix B from columns obtained by solving linear systems as follows:

b =lo) )L

Then
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AB=A b by = 10 =1.
by, by, 0 1

and the result follows. Note that this proof gives a method for computing the inverse
that doesn’t depend on the determinant.

These notes have given a fairly complete treatment of elementary linear algebra
in two dimensions. It should be apparent to you that the notions of column vector, row,
and matrix can be extended to higher dimensions. The definitions of vector and matrix
addition and multiplication, and matrix inverse hold in that more general context, as well
as the connection between matrix inversion and linear systems. There’s one major
obstacle in extending the entire theory to higher dimensions, however: the determinant.
The determinant formula used in these notes holds only for two dimensions. A more
complicated formula for 3X3 determinantsisintroduced in elementary algebra courses.
From that it’s possible, but extremely tedious, to verify the product rule; you can also
devise a formula for the matrix inverse in terms of the determinant and complete the
theory exactly as in the two dimensional case.

The theory of linear systems of arbitrary size has applications in nearly every area
of mathematics. Thus there’s considerable reason to generalize linear algebra beyond
three dimensions. To follow exactly the route taken in these notes, you’d have to develop
the theory of the determinant in higher dimensions—a major task. While that’s an
important mathematical concept, it seems inappropriate to spend such an effort on a tool
that’s only used once in the theory of linear systems. It’s possible to avoid this ineffi-
ciency by analyzing in extreme detail the standard method for computing solutions of
large linear systems: Gauss elimination. You can develop the connection between linear
systems and matrix inversion completely, as in the two dimensional case, but without
mentioning determinants. When you do study determinant theory, you find that the
standard method for calculating higher dimensional determinants also uses Gauss
elimination.

The theories of determinants and linear systems were developed in considerable
detail during the period 1650-1850, but in an ad hoc fashion, only as required for
applications in other areas of mathematics. The unification in terms of matrix algebra
first appeared in papers of Arthur Cayley in the late 1850s.



